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Abstract
The research conducted focuses on 3D printing and its application in medical equipment. A recent
breakthrough in modern material science was made with the creation of hyperelastic bone. This
exploration looks at how hyperelastic bone is created, the cost comparison to older tools, and the
possible design for hyperelastic bone. Detailed calculations and descriptions are also included to explain
the reasoning behind the work conducted.
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PROBLEM STATEMENT
To find a new innovative way to use 3D printing in bionics with a basic knowledge of
integration.

MOTIVATION
In this day and age, 3D printing has become more and more popular. From simple zipper taps to
bionic eyes, 3D printed objects bring a new world of diversity and creativity to engineering.
Calculus is used in engineering to find speeds and directions of motion, shapes and their
volumes, and the rate of change of different funcitons. This research is focused on the
application of 3D printing in medical devices using the general knowledge of calculus.
Hyperelastic bones have become a more popular approach with a wide range of application.
Unlike other biomaterials used in reconstruction, hyperelastic bone is extremely flexible and
customized at little cost. For example, a titanium shoulder replacement would cost anywhere
between $6,000 and $22,000 [9]. Another factor to consider with this former style is that a
shoulder replacement may not fit quite right once the surgeon is in the operation. Finally, the
shoulder replacement could limit the range of motion for the patient, even with proper physical
therapy post-operation.
With the hyperelastic bone, the chemical makeup and product is so simple that it has the
potential to cut down the prices tremendously. Surgeons can create and completely customize
this product for each patient. If this product is not exactly the right shape when the patient is in
the surgery, the material is easy to cut and fold [7]. The best feature of this product is that it is
regenerative. With the implantation of hyperelastic bone, surrounding tissue will grow and
include the material throughout the healing process.
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The goal of this research is to link the calculus to 3D printed bionic materials and products,
specifically, hyperelastic bone.

MATHEMATICAL DESCRIPTION AND SOLUTION APPROACH
When 3D printing any material, there are many different mathematical aspects to consider (see
Figure 1). The material will affect the rate of print and the temperature when the filament is
printed. Hyperelastic bones are created with a common chemical found in bones, hydroxyapatite
(Ca10(PO4)6(OH)2). This material makes up about 90% of the 3D printed filament. The other
10% is polycaprolactone [1]. This material is biodegradable, allowing this overall 3D printed
product to be safely placed and slowly integrated into the human body’s system. The porous
interior and open sides allow for tissue to flow in and build naturally. The beauty of this product
is that it can be printed and cooled at room temperature. This decreases cost and time spent to
create any sort of implants.
Hyperelastic bone proves to be a very versatile source, where it is more flexible and features a
porous structure. The flexible material differs from other implants by its strength and longevity
being increased. Other bone implants are solid and can be more brittle, becoming susceptible to
breaking or causing pain in the patient. This pain can hold especially true in younger patients,
who would have to undergo multiple surgeries as they outgrow the solid material, such as
replacing a metal rod to brace the spine with a longer one. However, since hyperelastic bone is
flexible, it can be designed to fit any space, while the porous structure promotes tissue and bone
growth. The porous structure allows for the implant to be naturally integrated into the boy’s
structure while still providing support. As time passes, blood vessels, tissue, and even new bone
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will grow in these small crevices. By designing the structure to tiny holes throughout, it also
saves time and money when producing.
Cost Comparison:
To help put into perspective the difference of costs and the benefits of hyperelastic bone over
time, a small mathematical analysis of cost of production, surgery, and post-care is compiled.

Cranioplasty is a procedure where part of the skull was removed in a prior surgery and is now
going to be replaced. Using older materials such as titanium can lead to infections and major
complications post-operation [10].
•

Cost of cranioplasty using former technology:
o Cost of titanium: 15-22 USD/lb.
o Cost of surgery [11]: approximately 11,000 USD
o Cost of stay in hospital [11]: approximately 5,000 USD
o Total Cost: see Graph 1, (1)

•

Cost of cranioplasty using hyperelastic bone [2]: approximately 83 USD/mL
o Cost of surgery [11]: approximately 11,000 USD
o Cost of stay in hospital [11]: approximately 5,000 USD
o Total Cost of Cranioplasty: see Graph 2, (2)

Rate of print:
The rate of print is 275cm3/hour. To put this in perspective, let us say a patient has just had
surgery where part of his/her skull is removed. Say that piece of the skull is the temporal:
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3.02 ± 0.785 mm thick [8] and about a radius of 2cm. The time it would take to print a

hyperelastic bone replacement would be 0.828 minutes. For more details on how it is found, see
the APPENDIX, (3)-(7).
Personal Design, see the APPENDIX, (8)-(26):

The best part about 3D printing is that the user can easily design all sorts of odd shapes. With
hyperelastic bones, they can be designed as more flat shapes for skull reconstruction or as open
cylinder shapes for bone shaft fixation or ligament sleeves [2]. One thing that will be investigated
more is a hyperelastic bone that will help with bone shaft fractures. The 3D shape can be graphed
and rotated around the y-axis. To make the cylinder shape hollow, the washer method[12] (see

Figure 2) is used (8). The equation is the initial equation used for the graph that is rotated about
the y-axis on the specified interval (see Figure 3). The maximum of this interval could be
extended to

8𝜋𝜋
5

if the desired product needs more curve on the base. The interval allows the user

to use the washer method to find the volume and shape of this irregular cylinder. The purpose of
the hyperelastic bone cylinder I designed is to be used as a ligament sleeve or fracture. The
design would also incorporate a small vertical cut. The sleeve would then be able to open and
gently snap over the desired area. After investigating the shape that would be formed, I realized
that the shape would taper to a fine point, which could have the possibility of breaking off and
not benefitting in the designed purpose. This prompted the change in the equations (9). The use
of two complex tangent functions allows for a smooth curve both on the interior and exterior
sides. The y interval cuts off the two functions before reaching sharp points. The vertical cut
would still be in place. However, there is an issue that appears when creating the new functions.
By removing the interval, the specified lines of the tangent functions could lead to multiple
possibilities. For this desired shape, we will be using the lines between x=3 and x=6 (rough
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estimate of placement). The area that would be rotated would fall between y2 and y1 (see Figure
4). However, the integral becomes extremely complex with the use of the two tangent functions
(15). To make the calculations more user friendly, the equations are changed to a quadratic
function (see Figure 5, (16)). The integral of the new functions is much easier to complete and
the volume found is approximately 47.083 cubic meters (26). This final integration still uses the
washer method. The upper bound of the interval can be extended to fit the desired length.

DISCUSSION
Hyperelastic bone is the future in orthopedic surgery. Its unique properties will allow for a
treatment that can be tailored to each individual person and aid in recovery time. In the cost
analysis it is important to note a few things. Although it may appear that hyperelastic bone is
more costly, it is important to understand why. With a titanium implant, more complications can
occur after the surgery, which most likely means a second operation. Hyperelastic bone is more
expensive because it is a new technology, however it holds great properties such as promotion of
regenerative growth of bone and tissue and can be fitted exactly to each individual patient. As
more and more major hospitals start incorporating technology labs, 3D printers will begin to
become a common piece of equipment in healthcare facilities thus lowering the costs.
The personal design is something that has not yet been investigated or tested, but more of an
original design. The cylinder made of hyperelastic bone would be used for long bone fractures.
The design would be a cylinder that would pop into place. The curved design would help with
fracture that may be located closer to the head (top of bone) or condyle (bottom of bone). This
sort of design would most effectively be used in clean breaks rather than a shattered bone. The
design would be a cylinder that would pop into place. By using hyperelastic bone, this will help
promote bone and tissue reconstruction at the site of the fracture.
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I hope that once campus labs reopen to conduct more experiment with the exact shape and
possibly using scanners to recreate the perfect shape for a specific bone structure. Some research
has already been conducted on adding antibiotics to the mixture of hyperelastic bone. It would
also be beneficial to investigate how that might affect the printing process and even storage.
Could this be used in place of vaccination? With this new development, it will be interesting to
see how the future unfolds for hyperelastic bone 3D printing.

CONCLUSION AND RECOMMENDATIONS
To conclude, 3D printing will lead the world to advancing modern science and medicine. With
the use of calculus, engineers will be able to better understand the fundamental ideas surrounding
3D printing. Through this research, the analysis covers how 3D printing and calculus will further
the technology behind hyperelastic bone material, a recent medical breakthrough. Current
hyperelastic bone designs are most common in skull reconstruction. Its regenerative properties
will help promote growth of new bone and tissue around the site of the implant. However, due to
hyperelastic bone being a new technology, it can be more costly. Still, the benefits outweigh the
costs, where some outdated implants may lead to infection and cannot be designed to fit exactly
to each patient.
When creating the personal design, it would have been helpful to have to some real-life
application when finding the best shape. Using a CAD program like solid works would better
help engineers understand the structure in a better visualization. It would also be curious to see
how the personal design would be 3D printed using a cheaper material, such as PLA filament.
The shape of the personal design would have a more desirable outcome if the tangent equations
for Figure 4 were used. However, calculating the integral of those equations proves to be more
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complex and involving approximation if they are continued. I want the personal design volume
to be a shape that any person with a basic understanding of calculus could be able to follow the
calculations and complete themselves.

NOMENCLATURE
Symbol

Meaning

Units

V

Volume

𝑚𝑚3 ,

r

radius

(𝑐𝑐𝑐𝑐)3

h

height

mm, cm

cm

hour,
t

time

min, s

C

cost

USD

Ti

Titanium

na

weight of
w

Titanium

kg

Hyperelastic
HB

bone

na

x

amount of HB

mL
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APPENDIX

Figure 1: Additional General Information for HB

Figure 2: Example of Washer Method
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Cost (USD)

Graph 1: Cost of Cranioplasty with Titanium
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Equation of Graph 1: C=16000+18w (1)

Graph 2: Cost of Cranioplasty with HB
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Equation of Graph 2: C=16000+83x (2)

Temporal skull removal volume:
𝑉𝑉 = 𝜋𝜋𝑟𝑟 2 ℎ (3)

1𝑐𝑐𝑐𝑐

𝑉𝑉 = 𝜋𝜋(2𝑐𝑐𝑐𝑐)2 (3.02𝑚𝑚𝑚𝑚 ∙ 10𝑚𝑚𝑚𝑚) (4)
𝑉𝑉 ≈ 3.79504(𝑐𝑐𝑐𝑐)3 (5)

Temporal removal time of printing:
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𝑡𝑡 =

3.79504𝑐𝑐𝑐𝑐3
𝑐𝑐𝑐𝑐3
ℎ𝑜𝑜𝑜𝑜𝑜𝑜

275

(6)

𝑡𝑡 = 0.0138 ℎ𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜 ≈ 0.828 𝑚𝑚𝑚𝑚𝑚𝑚 (7)
𝜋𝜋

Equations for Figure 3: 𝑦𝑦 = −4 𝑡𝑡𝑡𝑡𝑡𝑡 �𝑥𝑥 + 2 � = 4𝑐𝑐𝑐𝑐𝑐𝑐 (𝑥𝑥),

7𝜋𝜋
6

≤ 𝑥𝑥 ≤

3𝜋𝜋
2

about 𝑥𝑥 = 0 (8)

Figure 3: Initial Personal Design on 2D Graph
𝜋𝜋

𝑦𝑦

𝜋𝜋

Equations for Figure 4: 𝑦𝑦1 = −4 𝑡𝑡𝑡𝑡𝑡𝑡 �𝑥𝑥 + 2 � = 4 cot(𝑥𝑥) or 𝑥𝑥1 = 𝑡𝑡𝑡𝑡𝑡𝑡−1 �− 4� − 2 and
𝜋𝜋

𝑦𝑦2 = −3 − 4 𝑡𝑡𝑡𝑡𝑡𝑡 �𝑥𝑥 + 2 � = 4𝑐𝑐𝑐𝑐 𝑡𝑡(𝑥𝑥) − 3 or 𝑥𝑥2 = 𝑡𝑡𝑡𝑡𝑡𝑡−1 �−
−6 ≤ 𝑦𝑦 ≤ 5 about 𝑥𝑥 = 0 (9)

𝑦𝑦

𝜋𝜋

Note that: 𝑥𝑥1 (𝑦𝑦) = 𝑡𝑡𝑡𝑡𝑡𝑡−1 �− 4� − 2 > 𝑥𝑥2 (𝑦𝑦) = 𝑡𝑡𝑡𝑡𝑡𝑡−1 �−
however 𝑥𝑥1 (𝑦𝑦)2 < 𝑥𝑥2 (𝑦𝑦)2 for −6 ≤ 𝑦𝑦 ≤ 5.
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Figure 4: Second Personal Design 2D Graph

Personal Design Calculation Attempt 1, see (8), (9) and (10)-(15):
5

𝑉𝑉 = 𝜋𝜋 ∫−6 ��𝑡𝑡𝑡𝑡𝑡𝑡−1 �−

4

𝑦𝑦+3

5

𝑦𝑦

4

𝜋𝜋 2

𝑦𝑦

� − 2 � − �𝑡𝑡𝑡𝑡𝑡𝑡−1 �− 4� − 2 � � 𝑑𝑑𝑑𝑑 (𝟏𝟏𝟏𝟏)

5

𝑉𝑉 = 𝜋𝜋 ∫−6 ��tan−1 �−

𝜋𝜋 2

𝑦𝑦+3

2

�� − 𝜋𝜋𝑡𝑡𝑡𝑡𝑡𝑡−1 �−
2

𝑦𝑦+3

𝑦𝑦

4

�� 𝑑𝑑𝑑𝑑

(11)

−𝜋𝜋 ∫−6 ��tan−1 �− 4�� − 𝜋𝜋𝑡𝑡𝑡𝑡𝑡𝑡−1 �− 4�� 𝑑𝑑𝑑𝑑
𝑦𝑦

Side: 𝑢𝑢 = − 4 , 𝑣𝑣 = −
1

𝑦𝑦+3
4

(12)
1

Side: 𝑑𝑑𝑑𝑑 = − 4 𝑑𝑑𝑑𝑑, 𝑑𝑑𝑑𝑑 = − 4 𝑑𝑑𝑑𝑑 (13)
3

5

3

Side: 𝑢𝑢(−6) = 2 , 𝑢𝑢(5) = − 4 , 𝑣𝑣(−6) = 4 , 𝑣𝑣(5) = −2 (14)
−

5

2

−2

2

𝑉𝑉 = 4𝜋𝜋 ∫3 4 ��tan−1 (𝑢𝑢)� − 𝜋𝜋𝑡𝑡𝑡𝑡𝑡𝑡−1 (𝑢𝑢)� 𝑑𝑑𝑑𝑑 − 4𝜋𝜋 ∫3 ��tan−1 (𝑣𝑣)� − 𝜋𝜋𝑡𝑡𝑡𝑡𝑡𝑡−1 (𝑣𝑣)� 𝑑𝑑𝑑𝑑 (15)
2
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Due to its complexity we use approximations in (15): 𝑉𝑉 ≈ (−1.3153 +
19.7017)𝜋𝜋. Hence 𝑉𝑉 ≈ −4.1322 + 61.8948 ≈ 57.763𝑚𝑚3 .

𝑦𝑦+7

Equations for Figure 5: 𝑦𝑦1 = −7 + 5(𝑥𝑥 − 4.25)2 or 𝑥𝑥1 = �
𝑦𝑦+7

and 𝑦𝑦2 = −7 + 5(𝑥𝑥 − 4)2 or 𝑥𝑥2 = �

5

Final Personal Design Calculations, see (16) and (17)-(26):
𝑉𝑉 =

Side: 𝑢𝑢 =

𝑦𝑦+7
5

2

𝑦𝑦+7

4.25� − ��

5

2

+ 4� � 𝑑𝑑𝑑𝑑 (17)

(18)

1

Side: 𝑑𝑑𝑑𝑑 = 5 𝑑𝑑𝑑𝑑 (19)
1

7

Side: 5 ≤ 𝑢𝑢 ≤ 5 (20)
7
5
1
5

1

1

2

𝑉𝑉 = 5𝜋𝜋 ∫ [(𝑢𝑢2 + 4.25)2 − �𝑢𝑢2 + 4� ]𝑑𝑑𝑑𝑑 (21)
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+ 4.25

+ 4; −6 ≤ 𝑦𝑦 ≤ 0 about x=0 (16)

Figure 5: Final Personal Design 2D Graph

0
𝑦𝑦+7
𝜋𝜋 ∫−6 ��� 5 +

5
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16
7

1

1

𝑉𝑉 = 5𝜋𝜋 ∫15 ��𝑢𝑢 + 8.5𝑢𝑢2 + 18.0625� − �𝑢𝑢 + 8𝑢𝑢2 + 16�� 𝑑𝑑𝑑𝑑 (22)
5

7
5
1
5

1

𝑉𝑉 = 5𝜋𝜋 ∫ ��0.5𝑢𝑢2 + 2.0625�� 𝑑𝑑𝑑𝑑 (23)
1

3

𝑉𝑉 = 5𝜋𝜋 �3 𝑢𝑢2 + 2.0625𝑢𝑢� from

1
5

7

≤ 𝑢𝑢 ≤ 5 (24)

𝑉𝑉 = 5𝜋𝜋[(0.5522 + 2.8875) − (0.0298 + 0.4125)] (25)
𝑉𝑉 = 14.987𝜋𝜋 ≈ 47.083 𝑚𝑚3 (26)
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